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Cut-and-project tilings

@ Cut-and-project tilings
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Cut-and-project tilings [Baake and Grimm, 2013]

The cut-and-project tiling of slope £ and thickness W in R” has vertex set

me ((€+W)NZ")
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Thickness W = unit hypercube of R*.
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Ammann-Beenker tiling [Beenker, 1982]

Slope &4



Penrose tiling [Penrose, 1974; De Bruijn, 1981]

Slope & = <(C°5 2K7 ) o< k<5 (sin ZkTﬂ)ng<5>-
Thickness W = unit hypercube of R>.




-and-project tilings
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n-fold rotational symmetry:
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If a periodic tiling has n
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fold rotational symmetry then n € {1

We are interested in n-fold rotational symmetry for n ¢ {1,2,3,4,6}.

KA
LIRSS
N
386

e
8%

2
Jul
o/

XL
A
S

o,

e,
;0

N

e R, s

NIRRT
nY Ao Sa 0 9a9)
KRR

4

put
e, <o
RO

<>
O
FO

<

SSED
TNV T TS
N AN SN 2wy
ROALLA TR
LRI
AN
DEALATEA AT

s D a st W uat
SAE SN/ SN S
SN aeOanas?
RS

(D

/

g

)

(7
ou

7%

7

9/36

11 juillet 2021

n-Fold Rhombus Cut-And-Project Tilings

Lutfalla (LIPN)



Cut-and-project tilings

Quasicrystals

Cut-and-project n-fold tilings : model for quasicrystals [Senechal, 1996;
Baake and Grimm, 2013].
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Main result

Theorem

Q@ For any integer n > 4, the n-fold multigrid dual tiling P(n)(3) is a
cut-and-project quasiperiodic edge-to-edge rhombus tiling with global
2n-fold rotational symmetry.

@ For any odd integer n > 5, the n-fold multigrid dual tiling P(n)(%) is
a cut-and-project quasiperiodic edge-to-edge rhombus tiling with
global n-fold rotational symmetry.
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Applications

@ Gives an effective construction for Cut-and-project tilings with n-fold
rotational symmetry.
Software to compute these tilings :
[Lutfalla, 2021a] doi:10.5281/zenodo.4698387.

@ These tilings are used in [Kari and Lutfalla, 2020, Lutfalla, 2021b)]
to define the Planar Rosa substitution discrete planes.
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The multigrid dual tilings

© The multigrid dual tilings
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Chains in rhombus tilings
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Chains in rhombus tilings
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The multigrid dual tilings

multigrid [De Bruijn, 1981]

Definition :

Given a complex number ¢ and a real v we define the grid H((,~) as:

{z|Re(z- () —~v e Z}
Let (=¢€'n if nisodd, or ( =¢€'n if nis even.

H(¢,7) :

LT

.27

Given a n-tuple of offsets v we define the multigrid G,(7) as :

A FAK JA SR
QDN
AVAGAVAY A YA
P A
VARV
LA QAL A
C AT ALY
AWAVANLAVAV N7 ALY,
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dual tiling [De Bruijn, 1981]

Definition :

Pn(7)):

(

The multigrid dual tiling P,(7y) is defined by its vertex set V
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dual tiling [De Bruijn, 1981]

Definition :

():

Pn

The multigrid dual tiling Pp(7y) is defined by its vertex set V/(
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The multigrid dual tilings

Multigrid dual tilings are cut-and-project

Theorem (Gahler and Rhyner, 1986)

Multigrid dual tilings are cut and project.

Main idea [Senechal, 1996]:

line = intersection of hyperplane {x € R"| (x|€;) = k} with the slope £.
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The multigrid dual tilings

Regular multigrids and rhombus tilings

Singular multigrid: there is a point where at least 3 lines intersect.
Regular multigrid: there is no such point.

# 7

Proposition

The dual of a regular multigrid is a rhombus tiling. J

Goal: contruction for regular multigrids with n-fold rotational symmetry.

Lutfalla (LIPN) n-Fold Rhombus Cut-And-Project Tilings 11 juillet 2021 18 /36



The multigrid dual tilings

Regularity of pentagrids and cardinality considerations

The regularity of a n-fold multigrid G,(y) depends on its offset ~.

@ [De Bruijn, 1981] gives a full characterization of regular pentagrids.
This characterization is hard to check and is not easily generalized to
n-fold multigrids.

@ Cardinality considerations prove that regular multigrids are generic.
However this does not give us a construction, especially for a
multigrid with global n-fold rotational symmetry.
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Regularity of multigrids

9 Regularity of multigrids
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Regularity of multigrids

Singularity and trigonometric equation

Singular multigrid: there is a point where at least 3 lines intersect.

A

v,

& (Rel(2) = ko +10) A (Re(z - C%) = Ky +7q) A (Relz - CP) = ky )
= (ko + o) sin 2=~ q) + (kp + p) sin 227 — (kg + 74) sin 2= = 0
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Regularity of multigrids

Trigonometric diophantine equation

Theorem (Conway and Jones, 1976)

The trigonometric diophantine equations with at most 4 cosine terms, one
rational term and angles strictly between 0 and 5 are:

1

cosy =3 (1)
—cosa+cos(§—a)+cos(f+a)=00<a<i) (2)
cos%—cos%”:% (3)
cosffcos +cos % (4)
cosgfcosEqLcos%:% (5)
—cos 2 +cos2f —cos Iz =1 (6)
cos7+cos77cosﬁ+cosg—’1’:% (7)
cos77cos +cos§’lrfcosg’17:% (8)
—cos 2 + cos 3 + cos 3T + cos LT = 1 9)
7cosﬁ+cosﬁ+cosﬁ7cos%:% (10)

v
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Regularity of multigrids

Corollaries

Corollary
If Acos(a) + Bcos(b) = C then either

a=1, b= A=-B=2C

or

Corollary
If Acos(a) + B cos(b) + Ccos(c) = 0 then either:

a=ZI, b=3% c=% B=C=-A

or

O0<a<g, b=3F-a c=3+a B=C=-A
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Multigrids with rational offsets for odd n

Let n € 2N + 1 and let v = (v )o<k<n € (QN]O, 1[)".

Gn(7) singular
= (ko +70) sin Apogiz q) + (kp + vp) sin ZqTﬂ — (kg + 74) sin 2’% =0
= rgcostp + rpcoseq + rgcosf, =0

With ro := e(22-90T) (kg +70), B := (229
fp -= (%)(k +'7p) ¢9q = g0(2qT7r)
rg = €(%27) (kg +7q), 0, = o(227)

With functions €(x) := (—1)l7/, o(x) = (_1)L2?XJ ([Z]7+ % —x)

Lutfalla (LIPN) n-Fold Rhombus Cut-And-Project Tilings 11 juillet 2021 24 /36



Regularity of multigrids

Multigrids with rational offsets for odd n
Let n € 2N + 1 and let v = (Vk)o<k<n € (QN]0, 1[)".

Gn(7) singular
= (ko + 70) sin Ae_g)z q) + (kp + vp) sin ZqTﬂ — (kg + 7g) sin 2’% =0

= rpcosfy + rpc059q +rgcostp, =0

With ro = (22D (kg +79), B := (=T
Ip == (%)(k + Yp); bq = 90(2T7r)
rq = (%25 (kg + 7q), 0p = o(%2%)

With functions €(x) := (—1)l7/, o(x) = (_1)L2?XJ ([Z]7+ % —x)

In particular ro, rp, rg € Q\ {0} and 6g, 04,0, € 7QN]0, 5|
= the Conway-Jones theorem and its corollaries apply.
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Applying Conway-Jones for odd n

T 27

First case: suppose {90,0p,9q} 5.5 %
From this we get {M, Zom 2qmy — {01,92, 63} with

n

—1/m\ _ y37 7w 13w 17w
e (5) =111 10 10

1wy _ ym 5w 7m 1llw
e (3)=1{5% % ¢

1/2r\ _ y @ 97 1llm 197
03 € o ( )_{TovToaToyﬁ

We have 2(e—a)T | 247 _ 267 bt we have no such 61,65, 03.
2
= contradiction = {90,0p,0q} #{%, 5, %}
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Applying Conway-Jones for odd n

T 27

First case: suppose {90,0p,9q} 5.5 %
From this we get {M, Zom 2qmy — {01,«92, 63} with

n

—1/m\ _ y37 7w 13w 17w
e (5) =111 10 10

1wy _ ym 5w 7m 1llw
e (3)=1{5% % ¢

1/2r\ _ y @ 97 1llm 197
03 € o ( )—{To»ﬁ>To7ﬁ

We have 2(e—a)T | 247 _ 267 bt we have no such 61,65, 03.
2
= contradiction = {90,0p,0q} #{%, 5, %}

Second case: {0o,0,,04} ={a,5 —a,5 +a} forsome 0 <a < %
With the same proof we get a contradiction.
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Applying Conway-Jones for odd n

T 27

First case: suppose {90,0p,9q} 5.5 %
From this we get {M, Zom 2qmy — {01,«92, 63} with

n

—1/m\y _ 37« 7x 13w 17w
1€ (5) =111 10 10

lymy _ ym 5m 7m 1llw
b€ (3) =153 %8 ¢

12 _ fm 97 1llw 197
03 € p~ ( )—{To»ﬁ>To7ﬁ

We have @ + M 2’,’7” but we have no such 61,65, 3.
2
= contradiction = {90,0p,0q} #{%, 5, %}

Second case: {0o,0,,04} ={a,5 —a,5 +a} forsome 0 <a < %
With the same proof we get a contradiction.

Conclusion: rgcostly + r,costly + rqcostl, # 0
For all odd n and all tuple of non-zero rational offsets v, Gp(7) is regular.
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Key result on the regularity of n-fold multigrids

Theorem (Regularity of n-fold multigrids)

@ For any odd n > 5, and any tuple of non-zero rationals +y,
the n-fold multigrid G,(~y) is regular.

@ For any n > 4 and any non-zero rational ~g
the n-fold multigrid Gp(vo) is regular.

Lutfalla (LIPN) n-Fold Rhombus Cut-And-Project Tilings 11 juillet 2021
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n-fold multigrid dual tilings for odd n

Proposition

For any n the n-fold multigrid G,(L) is regular.

Proposition

For any odd n the n-fold multigrid dual tiling Pn(%) is a cut-and-project
rhombus tiling with n-fold rotational symmetry.
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Regularity of multigrids

2n-fold multigrid dual tiling for any n

Proposition

) is regular.

1
2

For any n the n-fold multigrid Gp(

Proposition

fold multigrid dual tiling P,,(%) is a cut-and-project

rhombus tiling with 2n-fold rotational symmetry.

For any n the n-

(RIS R )
AT
AT
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n-fold multigrid dual tiling for any n

Theorem

e If n is odd then Pn(%) is a cut-and-project rhombus tiling with n-fold
rotational symmetry.

e If n is even then Pg(%) is a cut-and-project rhombus tiling with n-fold
rotational symmetry.
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Regularity of multigrids
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7-fold: Ps(2)
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Regularity of multigrids
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Regularity of multigrids
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Regularity of multigrids
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11-fold : Pi1(3)

/

N

(X<
23
 mee%

ST
ony
>

N

J

H

N
3

Y

n,
T

(I
255

<>
=

PR

N
N,
?
KD
S
s
S
)’
.‘
@
{
SOV
O
%

N
=2

'
§
AR

23S
.’
u

.."“\‘

o
BN S e s SO NE s SN e e s NN
LU A I L
O S
> e Vo, o \gN N
RS iRe s S e st e
XTI RS L KZA7
Y N D S Sl

3
K7

i:.;

WYy,

&
V)
N
LY
)
&L
‘01
5>
2

o
<>
e
v
2®
9
e
Lo
74
5N
O

>
N
o
%
9

(N
SISO S A
‘i';.#ﬂl’.f.‘. f.ﬁ“l"}“‘“.‘n‘(‘
T I et E XSRS TN N
0 NG SV N Y Sunty (33003 WPRN 258,
NEVEYS S L e s s es ataa s e

S oo S A A S O AR NSO e X SN B0 e RO AT o
XIS S S BA R PRI AU S T A RS

AN NS
RN AT AR
RIH 2y o/ AREY NeEsNoes
SNFCNFEAIELK AOSCASTRX
< “‘90\,.‘ <N o,\\o: "‘i}(”,'.:(“.’. RSN,
O o e e ton LN 0ot RSPt SRS o N N2 9o gsa Con'y
N IR SRES 1SS SISO X
N Ta e e Netaa ocen
“\\‘"”.‘ 01"’":\\“‘: 4’
> KX =5 ¢.}\dz’s'0
A N R e 5) RE

l@;"”f}}’g':iii’t"‘%in N
279K RS “\‘lll.f‘i ..,’/".
<
AP EVEA o e

] S
= e AT ies VAL LS

)\ L / ." \
S DSOS

R

A

2 !
X O <O
RS L

Lutfalla (LIPN) n-Fold Rhombus Cut-And-Project Tilings 11 juillet 2021 35/36



Regularity of multigrids

References

[§ Kari, J. and Lutfalla, V. H. (2020).
Substitution planar tilings with n-fold rotational symmetry.

[@ Lutfalla, V. H. (2021a).
n-fold multigrid dual tilings.
Software repository.

[§ Lutfalla, V. H. (2021b).
Substitution discrete planes.
PhD thesis, Université Paris XIII.

Lutfalla (LIPN) n-Fold Rhombus Cut-And-Project Tilings 11 juillet 2021

36/36



	Cut-and-project tilings
	The multigrid dual tilings
	Regularity of multigrids

