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In this talk we will study cellular automata as topological
dynamical systems.

We say (X ,T ) is a topological dynamical system (TDS) if
X is a compact metric space (with metric d) and T : X → X
is a continuous function.

We set Bδ(x) = {y ∈ X : d(x , y) < δ}, and the diameter of a
subset A with diam(A).
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The most simple examples of CA are periodic ones (T = T p)

For CA (and symbolic dynamics in general) periodicity is
related to equicontinuity (of {T n}).

The point x is an equicontinuity point if for every ε > 0
there exists δ > 0 such that

diam(T iBδ(x)) < ε

for every i ∈ N. The set of equicontinuity points of (X ,T ) is
denoted by EQ.

(X ,T ) is equicontinuous if EQ = X .

(X ,T ) is almost equicontinuous if EQ is a dense set.
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Proposition(Kůrka)

Let (AZ,T ) be a CA. The following conditions are equivalent.

(1) (AZ,T ) is equicontinuous.

(2) There exists a preperiod m ≥ 0 and a period p > 0, such that
Tm+p = Tm.
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Proposition(Kůrka)

Let (X ,T ) be a CA. If x ∈ X an equicontinuity point then x is
locally eventually periodic, i.e., for every i ∈ Z we have that T nxi is
an eventually periodic sequence (of n).
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We would like to study notions of order in cellular automata
that does not necessarily imply some form of periodicity.

The study of mean (average) equicontinuity began with Fomin,
Oxtoby and Auslander.

Mean equicontinuity has been of use in the study of spectral
ergodic theory and quasicrystals.

We say x is a diam-mean equicontinuity point if for every
ε > 0 there exists δ > 0 such that

lim sup
n→∞

∑n
i=0 diam(T iBδ(x))

n + 1
< ε.

The point x is a mean equicontinuity point if for every
ε > 0, there exists δ > 0 such that if d(x , y) < δ, then

lim sup
n→∞

∑n
i=0 d(T ix ,T iy)

n + 1
< ε.
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Mean equicontinuity can be defined using the Besicovitch
pseudometric with respect to T .

We define almost mean equicontinuity and almost
diam-mean equicontinuity similar to the previous case; by
requiring that the set of (diam) mean equicontinuity points are
dense.

It is known that for dynamical systems in general these two
notions are different (the examples are constructed using
subshifts).

Are they different for CA?
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Pacman CA

In a previous paper we constructed the Pacman CA and we proved
it is almost mean equicontinuous. Let A = { , , , , , }.
This CA has left and right radius 1.

We will call the members of the
alphabet as follows:

empty space,

empty door,

pacman,

ghost.

keymaster ghost, and

door with ghost.
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Luguis de los Santos Baños (j.w. with F. Garćıa-Ramos) Diameter mean equicontinuity and cellular automata



Pacman CA

Example

Let w = . We show a section of the orbit of
x = ∞ .w

∞
.
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Luguis de los Santos Baños (j.w. with F. Garćıa-Ramos) Diameter mean equicontinuity and cellular automata



Pacman CA

Let m ≥ 2, w =
m

. We will show a section of the orbit of
x :=∞ .w

∞
.
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Theorem (SB-GR ’21)

The Pacman CA is almost mean equicontinuous but not almost
diam-mean equicontinuous.

Why almost mean equicontinuous?
Let m > 0, w ∈ Am and

x :=∞ .w
20 21 22

· · · .

We can show that x is a mean equicontinuity point.
Why not almost diam-mean equicontinuous?
For every open set U there exists N > 0 such that for every n > N
there exists x , y ∈ U, such that (T nx)0 = and (T ny)0 = .
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Sensitivity

Almost equicontinuity can be used to classify CA using the concept
of sensitivity.

Definition

Let (X ,T ) be a TDS. (X ,T ) is sensitive if there exists ε > 0 such
that for every non-empty open set U ⊆ X there exist x , y ∈ U and
n 6= 0 such that

d(T nx ,T ny) > ε.

Theorem (Kůrka’s dichotomy)

Let (X ,T ) be a CA. Then (X ,T ) is not sensitive if and only if it is
almost equicontinuous.

Luguis de los Santos Baños (j.w. with F. Garćıa-Ramos) Diameter mean equicontinuity and cellular automata



Sensitivity

Almost equicontinuity can be used to classify CA using the concept
of sensitivity.

Definition

Let (X ,T ) be a TDS. (X ,T ) is sensitive if there exists ε > 0 such
that for every non-empty open set U ⊆ X there exist x , y ∈ U and
n 6= 0 such that

d(T nx ,T ny) > ε.
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Sensitivity

Definition

Let (X ,T ) be a topological dynamical system. We say that (X ,T )
is diam-mean sensitive if there exists ε > 0 such that for every
open set U we have

lim sup
n→∞

∑n
i=0 diam(T iU)

n + 1
> ε.

Theorem (SB-GR)

There exists a CA that is neither diam-mean sensitive nor almost
diam-mean equicontinuous.

We do not know if the previous result holds for surjective CA.

Luguis de los Santos Baños (j.w. with F. Garćıa-Ramos) Diameter mean equicontinuity and cellular automata



Sensitivity

Definition

Let (X ,T ) be a topological dynamical system. We say that (X ,T )
is diam-mean sensitive if there exists ε > 0 such that for every
open set U we have

lim sup
n→∞

∑n
i=0 diam(T iU)

n + 1
> ε.

Theorem (SB-GR)

There exists a CA that is neither diam-mean sensitive nor almost
diam-mean equicontinuous.

We do not know if the previous result holds for surjective CA.

Luguis de los Santos Baños (j.w. with F. Garćıa-Ramos) Diameter mean equicontinuity and cellular automata



Sensitivity

Definition

Let (X ,T ) be a topological dynamical system. We say that (X ,T )
is diam-mean sensitive if there exists ε > 0 such that for every
open set U we have

lim sup
n→∞

∑n
i=0 diam(T iU)

n + 1
> ε.

Theorem (SB-GR)

There exists a CA that is neither diam-mean sensitive nor almost
diam-mean equicontinuous.

We do not know if the previous result holds for surjective CA.
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