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What is Dynamical Algebraic Combinatorics?

@ In general, to have a discrete dynamical system we need an object and an
action which changes the object for every discrete time step.
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@ In general, to have a discrete dynamical system we need an object and an
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o If the object and action come from algebraic combinatorics, then the study of
this system is called dynamical algebraic combinatorics (DAC).
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o If the object and action come from algebraic combinatorics, then the study of
this system is called dynamical algebraic combinatorics (DAC).

@ Some popular DAC problems can be cast and analyzed as automata
networks.
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Dynamical Algebraic Combinatorics & Cellular Automata

@ DAC and CA theory are fairly separate fields; they were developed to answer
different kinds of questions, and there is not a lot of overlap of researchers.
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Dynamical Algebraic Combinatorics & Cellular Automata

@ DAC and CA theory are fairly separate fields; they were developed to answer
different kinds of questions, and there is not a lot of overlap of researchers.

@ However, despite evolving independently, there is a lot of overlap in the
structures that are studied.
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Dynamical Algebraic Combinatorics & Cellular Automata

@ DAC and CA theory are fairly separate fields; they were developed to answer
different kinds of questions, and there is not a lot of overlap of researchers.

@ However, despite evolving independently, there is a lot of overlap in the
structures that are studied.
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Definition
A partially-ordered set or poset is a set P together with a relation < that is:

o reflexive: x < x for all x € P.
@ antisymmetric: If x <y and y < x, then x = y.
o transitive: If x <y and y < z, then x < z.
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Definition
A partially-ordered set or poset is a set P together with a relation < that is:

o reflexive: x < x for all x € P
@ antisymmetric: If x <y and y < x, then x = y.
o transitive: If x <y and y < z, then x < z.

Example
o Consider ordered pairs where (a, b) < (c,d) if a< cand b < d.

(3,2)<(3,7) (4,3) <(7,8)

(3,4) and (7,2) cannot be compared.
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Hasse Diagrams

Each poset has an associated graph called a Hasse diagram.
@ The elements of P form the vertices of the diagram.

o If x <y, we write y higher up than x.

o If x < y and there is no z such that x < z < y, we connect x and y with an
edge and say y covers x (written x < y).

The poset P = [2] x [3].

A. McDonough (Brown —> UC Davis)
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More Examples of Hasse Diagrams

Example (Products of two chains)

o&@

[2] < [2] [2] < 3] [3] < [4]

Example (Type A positive root posets)

/\./‘Q\/&\

®*(Ag) &+ (As) +(Ay)
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Up-sets of Posets

Definition

@ An up-set (or order filter) of a poset P is a subset U C P such that if

x € Uand x <y, then y € U.

Example

some up-sets of [2] x [3]

A. McDonough (Brown —> UC Davis) Dynamical Algebraic Combinatorics
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Rowmotion

o Let P be a poset and U(P) be the set of up-sets.
o We define a group action on U/(P) called rowmotion.
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Rowmotion

o Let P be a poset and U(P) be the set of up-sets.
o We define a group action on U/(P) called rowmotion.

o Given U € U(P), perform the following 3 steps:

@ V: Take the minimal elements.
@ A~!: Saturate downward.
© ©O: Take the complement.

o We call the result Row(U)
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o We define a group action on U/(P) called rowmotion.

o Given U € U(P), perform the following 3 steps:

@ V: Take the minimal elements.
@ A~!: Saturate downward.
© ©O: Take the complement.

o We call the result Row(U)
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Orbits of rowmotion on up-sets of [2] x [3]
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Orbits of rowmotion on up-sets of [2] x [3]
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Orbits of rowmotion on up-sets of [2] x [3]
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Orbits of rowmotion on up-sets of [2] x [3]
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Orbits of rowmotion on up-sets of [2] x [3]
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Orbits of rowmotion on up-sets of [2] x [3]
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Orbits of rowmotion on up-sets of [2] x [3]

Row Row Row Row .

On [2] x [3], up-set rowmotion is periodic with period 5.
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Orbits of rowmotion on up-sets of [2] X [2]

O == p =
QLQ

On [2] x [2], up-set rowmotion is periodic with period 4.
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Properties of Rowmotion on [a] X [b]

Theorem (Brouwer—Schrijver 1974)

On [a] x [b], rowmotion is periodic with period a + b.
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Cardinalities in [2] x [3]
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Cardinalities in [2] x [3]

4 2 2 3 4

Average cardinality: 3
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Cardinalities in [2] x [3]

Average cardinality: 3

12

6 5 3 1 0

Average cardinality: 3
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Cardinalities in [2] x [2]
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Properties of Rowmotion on [a] X [b]

Theorem (Brouwer—Schrijver 1974)

On [a] x [b], rowmotion is periodic with period a + b.

Theorem (Propp—Roby 2013)

On [a] x [b], the average cardinality of up-sets across any rowmotion orbit is
ab/2.
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Theorem (Brouwer—Schrijver 1974)

On [a] x [b], rowmotion is periodic with period a + b.

Theorem (Propp—Roby 2013)

On [a] x [b], the average cardinality of up-sets across any rowmotion orbit is
ab/2. We say that the cardinality is homomesic (or ab/2-mesic) under the
action of rowmotion.
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Properties of Rowmotion on [a] X [b]

Theorem (Brouwer—Schrijver 1974)

On [a] x [b], rowmotion is periodic with period a + b.

Theorem (Propp—Roby 2013)

On [a] x [b], the average cardinality of up-sets across any rowmotion orbit is
ab/2. We say that the cardinality is homomesic under the action of rowmotion
with average ab/2.

@ In general a discrete dynamical system exhibits homomesy when the average
of some statistic is constant over all orbits.
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Properties of Rowmotion on [a] X [b]

Theorem (Brouwer—Schrijver 1974)

On [a] x [b], rowmotion is periodic with period a + b.

Theorem (Propp—Roby 2013)

On [a] x [b], the average cardinality of up-sets across any rowmotion orbit is
ab/2. We say that the cardinality is homomesic under the action of rowmotion
with average ab/2.

@ In general a discrete dynamical system exhibits homomesy when the average
of some statistic is constant over all orbits.

@ The homomesy phenomenon was first observed by Panyushev in 2007 and a
shocking number of examples have been found since then.
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Definition (Cameron and Fon-Der-Flaass 1995)

Let U(P) be the set of up-sets of a finite poset P.
Let e € P. Then the toggle corresponding to e is the map T, : U(P) — U(P)
defined by

U\{e} ifeeUandU\{e} clU(P),
U otherwise.

{ Uu{e} ifeg Uand UU{e} clU(P),
Te(VU) =

A. McDonough (Brown —> UC Davis) Dynamical Algebraic Combinatorics 13 July, 2021
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Let U(P) be the set of up-sets of a finite poset P.
Let e € P. Then the toggle corresponding to e is the map T, : U(P) — U(P)
defined by

Uu{e} ifeg Uand UU{e} eU(P),
Te(U)=< U\{e} ifeeUand U\ {e}clU(P),
V) otherwise.

Definition

These toggles generate a group called the toggle group (also called the
dynamics group by CA theorists).
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Toggles and Rowmotion

Theorem (Cameron and Fon-Der-Flaass 1995)

Applying the toggles T, from top to bottom across the rows of P gives rowmotion
on up-sets of P.

Example

A\ |
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Rowmotion and Promotion

Theorem (Striker—Williams 2012)

Applying the toggles T, from left to right down the columns of P gives another
known group action called promotion.
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Rowmotion and Promotion

Theorem (Striker-Williams 2012)

Applying the toggles T, from left to right down the columns of P gives another
known group action called promotion.

There is an equivariant bijection between up-sets under the rowmotion group
action and up-sets under the promotion group action.
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Figure: Rowmotion — toggle “by rows, top-to-bottom”.

0 0
I I

DDl A A

Figure: Promotion — toggle “by columns, left-to-right”.
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Rowmotion and Promotion

Theorem (Striker-Williams 2012)

Applying the toggles T, from left to right down the columns of P gives another
known group action called promotion.

There is an equivariant bijection between up-sets under the rowmotion group
action and promotion group action.

@ The corollary follows from Coxeter theory (the two actions are torically
equivalent).
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Toggling Independent Sets on a Path

@ Rowmotion and promotion aren’t the only dynamical system that can be
described by toggling.
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Toggling Independent Sets on a Path

@ Rowmotion and promotion aren’t the only dynamical system that can be
described by toggling.

o Consider an independent set (set of nonadjacent vertices) on a path graph.
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Toggling Independent Sets on a Path

@ Rowmotion and promotion aren’t the only dynamical system that can be
described by toggling.

o Consider an independent set (set of nonadjacent vertices) on a path graph.

@ From left to right, we toggle each vertex, switching its status if we still have
a independent set.

@ O O @ O o
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Toggling Independent Sets on a Path

@ Rowmotion and promotion aren’t the only dynamical system that can be
described by toggling.

o Consider an independent set (set of nonadjacent vertices) on a path graph.

@ From left to right, we toggle each vertex, switching its status if we still have
a independent set.

O @ O O O O

@ We end up with a new independent set and can repeat the process
indefinitely.
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Toggling Independent Sets on a Path

@ The dynamics of this kind of toggling are more easily seen on an array.

X Vi Vo V3 V4 Vg5 Vg
xX9 1 0 0 1 0 1
xD 0 1 0 0 0 0
x 0 0 1 0 1 0
X3 1 0 0 0 0 1
x 0 1 0 1 0 0
x® 0 0 0 0 1 0
x® 1 0 1 0 0 1
xD 0 0 0 1 0 0
x® 1.0 0 0 1 0
xX9 0 1 0 0 0 1
x19 0 0 1 0 0 0

@ Here, each row is a independent set of entries marked with 1s.
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Toggling Independent Sets on a Path

@ The dynamics of this kind of toggling are more easily seen on an array.

X Vi Vo V3 V4 V5 Vg
xX9 1 0 0 1 0 1
xV 0 1 0 0 0 0
x 0 0 1 0 1 0
X 1 0 0 0 0 1
x 0 1 0 1 0 0
x® 0 0 0 0 1 0
x® 1 0 1 0 0 1
XD 0 0 0 1 0 0
x 1.0 0 0 1 0
xX9 0 1 0 0 0 1
x19 0 0 1 0 0 0
Sum 4 3 3 3 3 4

@ Here, each row is a independent set of entries marked with 1s.
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Toggling Independent Sets on a Path

@ The dynamics of this kind of toggling are more easily seen on an array.

X Vi Vo V3 V4 V5 Vg
(0)
i(l) é 2 8 é 8 (1) Theorem (Joseph—Roby 2018)
x2 0 0 1 0 1 0 The sum vector always reads the
x® 1 0 0 0 0 1 same left-to-right as right-to-left.
xX% 0 1 0 1 0 0
x® 0 0 0 0 1 0
x® 1.0 1 0 0 1
xD 0 0 0 1 0 0
x8® 1.0 0 0 1 0
x99 0 1 0 0 0 1
x 0 0 1 0 0 0
Sum 4 3 3 3 3 4

@ Here, each row is a independent set of entries marked with 1s.
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Toggling Independent Sets on a Path

@ The dynamics of this kind of toggling are more easily seen on an array.

X Vi Vo V3 V4 V5 Vg
xX9 1 0 0 1 0 1
D0 1.0 0 0 0 Theorem (Joseph—Roby 2018)
x2 0 0 1 0 1 0 The sum vector always reads the
x® 1 0 0 0 0 1 same left-to-right as right-to-left.
xX% 0 1 0 1 0 0
x® 0 0 0 0 1 0
x® 1 0 1 0 0 1 [RIEEIEHEELETECRgE)
Xg; 60 0 1 0 0 If you double the first entry in the
X(g) 100 010 sum vector and add the second, this
X 010 0 01 gives the number of rows.
x 0 0 1 0 0 0
Sum 4 3 3 3 3 4

@ Here, each row is a independent set of entries marked with 1s.
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Toggling Independent Sets on a Cycle

@ Instead of working on a path graph, we can also toggle vertices on a cycle.
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Toggling Independent Sets on a Cycle

@ Instead of working on a path graph, we can also toggle vertices on a cycle.

) M) ) )
—/ / / /

@ This dynamical system is similar to the one on the path graph, but we no
longer have “special” vertices.
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Toggling Independent Sets on a Cycle

@ As before, we use an array for easier visualization.

X Vi Vo V3 V4 V5 Vg
xX9 0 0 1 0 1 0
x 1 0 0 0 0 0
x» 01 0 1 0 1
x3 0 0 0 0 0 O
x9 1 0 1 0 1 0
x5 0 0 0 0 0 1
x® 0 1 0 1 0 0
xD 0 0 0 0 1 0
x8 1 0 1 0 0 0
xX9 0 0 0 1 0 1
x1 0 1 0 0 0 0

@ This system is the main focus of our ongoing work, and will be the star of
Matthew Macauley's talk tomorrow!
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Togglings and Asynchronous Cellular Automata

@ Whenever we toggle vertex v;, its new state depends on the states of v;_1, v;,
and v;y1. Let x; be the pre-toggle state of v; and T;(x;—1, x;, xi+1) be the
post-toggle state.
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@ Whenever we toggle vertex v;, its new state depends on the states of v;_1, v;,
and v;y1. Let x; be the pre-toggle state of v; and T;(x;—1, x;, xi+1) be the
post-toggle state.

(xi—1,X,Xi+1) || 111 ] 110 | 101 | 100 | 011 | 010 | 001 | 000
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@ Whenever we toggle vertex v;, its new state depends on the states of v;_1, v;,
and v;y1. Let x; be the pre-toggle state of v; and T;(x;—1, x;, xi+1) be the
post-toggle state.
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@ The 28 = 256 maps from {0,1}* — {0, 1} are called elementary cellular
automaton (ECA) rules.
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@ Whenever we toggle vertex v;, its new state depends on the states of v;_1, v;,
and v;y1. Let x; be the pre-toggle state of v; and T;(x;—1, x;, xi+1) be the
post-toggle state.
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@ The 28 = 256 maps from {0,1}* — {0, 1} are called elementary cellular
automaton (ECA) rules.

o If we repeatedly toggle the vertices in some fixed order using an ECA rule, we
get an asynchronous cellular automata (ACA).
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Togglings and Asynchronous Cellular Automata

@ Whenever we toggle vertex v;, its new state depends on the states of v;_1, v;,
and v;y1. Let x; be the pre-toggle state of v; and T;(x;—1, x;, xi+1) be the
post-toggle state.

(xi—1,X,Xi+1) || 111 ] 110 | 101 | 100 | 011 | 010 | 001 | 000
Ti(xi—1,Xi, xi+1) || n/a
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@ The 28 = 256 maps from {0,1}* — {0, 1} are called elementary cellular
automaton (ECA) rules.

o If we repeatedly toggle the vertices in some fixed order using an ECA rule, we
get an asynchronous cellular automata (ACA).

@ An ACA is called togglable (or order independent) if each toggle is a
bijection on the periodic points.
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Togglable ACAs

Theorem (Macauley-McCammond—Mortveit 2008)
104 of the 256 ECA rules produce togglable ACAs.
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@ When an ACA is togglable, each “toggle” map is an involution or identity.
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Theorem (Macauley-McCammond—Mortveit 2008)

104 of the 256 ECA rules produce togglable ACAs.

@ When an ACA is togglable, each "toggle” map is an involution or identity.

@ Recall that these toggles generate a group called the toggle group.
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Togglable ACAs

Theorem (Macauley-McCammond—Mortveit 2008)
104 of the 256 ECA rules produce togglable ACAs.

@ When an ACA is togglable, each "toggle” map is an involution or identity.
@ Recall that these toggles generate a group called the toggle group.

@ In 2011, Macauley, McCammond, and Mortveit classified the toggle groups
associated with these togglable ACAs.
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Theorem (Macauley-McCammond—Mortveit 2008)
104 of the 256 ECA rules produce togglable ACAs.

@ When an ACA is togglable, each "toggle” map is an involution or identity.
@ Recall that these toggles generate a group called the toggle group.

@ In 2011, Macauley, McCammond, and Mortveit classified the toggle groups
associated with these togglable ACAs.

@ In 2015, Goles, Montalva-Medel, Mortveit, and Ramirez-Flandes generalized
to block update orders.
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Togglable ACAs

Theorem (Macauley-McCammond—Mortveit 2008)
104 of the 256 ECA rules produce togglable ACAs.

@ When an ACA is togglable, each "toggle” map is an involution or identity.
@ Recall that these toggles generate a group called the toggle group.

@ In 2011, Macauley, McCammond, and Mortveit classified the toggle groups
associated with these togglable ACAs.

@ In 2015, Goles, Montalva-Medel, Mortveit, and Ramirez-Flandes generalized
to block update orders.

@ In 2018, Salo proved a conjecture about ECA rule 57 and Defant further
explored ECA rules 150 and 105.
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Coxeter Groups

o Toggle groups are all quotients of Coxeter groups.

A. McDonough (Brown —> UC Davis) Dynamical Algebraic Combinatorics 13 July, 2021 28 /36



Cox oups

o Toggle groups are all quotients of Coxeter groups.

o Coxeter groups can be defined geometrically in terms of reflections, but | will
focus on the combinatorial perspective.
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Coxeter Groups

o Toggle groups are all quotients of Coxeter groups.

o Coxeter groups can be defined geometrically in terms of reflections, but | will
focus on the combinatorial perspective.

Definition
A Coxeter system is a pair (W, S) where W is a group generated by the set
S ={s1,...,s,} with the presentation

W= {(s,...,sn| 5,2:1, (sis;))™ =1 for i # j),

where mj; = |s;s;| € {2,3,...} U {o0}.
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Coxeter Groups

o Toggle groups are all quotients of Coxeter groups.

o Coxeter groups can be defined geometrically in terms of reflections, but | will
focus on the combinatorial perspective.

Definition
A Coxeter system is a pair (W, S) where W is a group generated by the set
S ={s1,...,s,} with the presentation

W= {(s,...,sn| 5,2:1, (sis;))™ =1 for i # j),

where mj; = |s;s;| € {2,3,...} U {o0}.

o Notice that s? = 1 implies that each s; can be thought of as a toggle.

13 July, 2021
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Coxeter Diagrams

@ We can encode any Coxeter system as a Coxeter diagram.
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Coxeter Diagrams

@ We can encode any Coxeter system as a Coxeter diagram.

A Coxeter diagram is a graph where edges may be weighted with positive
integers or co.

o Each vertex corresponds to an involution s;.
o For each i # j, let my = mink>2{k | (sis;)* = 1}.

o If mj > 3, connect s; and s; with an edge.

o If m; > 3, label this edge with mj;.
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Coxeter Diagrams

@ We can encode any Coxeter system as a Coxeter diagram.

A Coxeter diagram is a graph where edges may be weighted with positive
integers or co.

o Each vertex corresponds to an involution s;.
o For each i # j, let my = mink>2{k | (sis;)* = 1}.

o If mj > 3, connect s; and s; with an edge.

o If m; > 3, label this edge with mj;.

Example

| A

[ @ L L
Figure: This is the Coxeter Diagram for the group As.
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Thanks for Listening! Merci de Votre Attention!
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Image from Wikipedia

Be sure to attend Matthew Macauley's talk tomorrow at
15:30 for more cycle graph toggling!
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