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• Category theory

𝑇 𝒦 =Colim(P ∘ ProjL/𝒦)

Pattern
matching

Result
construction

Local applications
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• Kan Extensions ! 
• Categorical description
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Traffic rule automaton

• 𝑄 : Finite set of states

• 𝐺 : Group (space)

• 𝑐 ∈ 𝑄𝐺 : configurations

• 𝑁 ⊆ 𝐺 : finite neighborhood

𝑄 = {     ,     }

𝐺 = (ℤ,+)

……

𝑐

−3 −2 −1 0 1 2 3 4 5

𝑁 = {−1,0,1}



• Evolution for known part ?

Space time diagram
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• Evolution for sub-configurations

• Rules extended to sub-configurations !

Space time diagram

Evolution Rules

←State
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• An other extension to sub-configurations

Space time diagram

Evolution Rules
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Two ways of extending

• Coarse transition function Δ
• Deduce with full neighborhood

• Is a left Kan extension !

• Fine transition function Δ
• Deduce without neighborhood

• Is a right Kan extension !
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-1 0 1

• Local configuration maps 𝑙: 𝑁 → 𝑄



-1 0 1

…

-1 0 1 -1 0 1 -1 0 1 -1 0 1

Set of local configurations

-1 0 1

• Set of local configuration: Loc ≔ 𝑄𝑁

Loc
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Shifted local configurations

• Shifted local configuration, maps 𝑙: 𝑝 + 𝑁 → 𝑄

-1 0 1

…

-1 0 1 -1 0 1 -1 0 1 -1 0 1

0 1 2

…

0 1 2 0 1 2 0 1 2 0 1 2

-2 -1 0

…

-2 -1 0 -2 -1 0 -2 -1 0 -2 -1 0



Set of shifted local configurations

• Shifted local 
configurations :

𝑆𝑙𝑜𝑐 ≔ ⋃𝑝∈ℤ𝑝 + 𝑁 → 𝑄

-1 0 1

…

-1 0 1 -1 0 1 -1 0 1 -1 0 1

0 1 2

…

0 1 2 0 1 2 0 1 2 0 1 2

-2 -1 0

…

-2 -1 0 -2 -1 0 -2 -1 0 -2 -1 0

…
…

Sloc



Set of shifted local configurations

…
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Sloc

• Shifted local 
configurations :

𝑆𝑙𝑜𝑐 ≔ ⋃𝑝∈ℤ𝑝 + 𝑁 → 𝑄
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Set of sub-configurations

• Sub configurations :

𝑃𝑐𝑜𝑛𝑓 ≔ ⋃𝑆⊆ℤ𝑄
𝑆

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

Sconf



Poset of sub-configurations

• Partial configurations :

𝑃𝑐𝑜𝑛𝑓 ≔ ⋃𝑆⊆ℤ𝑄
𝑆

• Partial order relation :

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

Sconf

-1 0 1

-1 0 1-2

≼
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• Simple frame of work…

Simpler category theory

• 2-category of posets :

• Categories: Posets

• Functors: monotonous
functions

• Natural transformations: 
partial order over functors

-1 0 1

-1 0 0 1

-1 0 1

-1 0 0 1

0

0 0
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Two way of extending

• Coarse transition function Δ
• Deduce with full neighborhood

• Is a left Kan extension !

• Fine transition function Δ
• Deduce without neighborhood

• Is a right Kan extension !

int 𝑐



• Shifted local transition ി𝛿 :
• Applies local rules over Sloc

Coarse as left Kan extension

× ℤ × ℤ × ℤ × ℤ

…

× ℤ

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

∅ ∅

∅ ∅ ∅ ∅

ി𝛿Sloc Sconf

ി𝛿 = 
4 5 6 5



Coarse as left Kan extension

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

× ℤ × ℤ × ℤ × ℤ

…

× ℤ

𝐼

• Shifted local transition ി𝛿

• Sloc is included in Pconf by 
(monotonous) 𝐼

Sconf

Sloc

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

∅ ∅

∅ ∅ ∅ ∅

ി𝛿



Coarse as left Kan extension

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

× ℤ × ℤ × ℤ × ℤ

…

× ℤ

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

∅ ∅

∅ ∅ ∅ ∅

ി𝛿

𝐼

Δ

• Δ must act like ി𝛿 over Sloc:

• Δ ∘ 𝐼 = ി𝛿

Sconf

Sloc Sconf



Coarse as left Kan extension
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• Δ must act like ി𝛿 over Sloc

• Monotony of Δ extends ി𝛿 for Sconf:

• 𝐼(𝑙) ≼ 𝑐 ⇒ ി𝛿 𝑙 ≼ Δ(𝑐)

Coarse as left Kan extension

∅

…

… … ……

× ℤ × ℤ × ℤ

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ

× ℤ

× ℤ × ℤ

……

…

…

× ℤ × ℤ × ℤ

… ∅

…

… … ……

× ℤ × ℤ × ℤ

× ℤ

× ℤ × ℤ

……

…

…

∅ ∅

∅ ∅ ∅ ∅

ി𝛿

𝐼

Δ

Sconf

Sloc Sconf
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1 2 3 0 1 2

2 1

1 2



• Not enough constraints !

Coarse as left Kan extension
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……

…
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• Not enough constraints !

• Function could add some cells

Coarse as left Kan extension

∅

…

… … ……

× ℤ × ℤ × ℤ

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ

× ℤ

× ℤ × ℤ

……

…

…

× ℤ × ℤ × ℤ

… ∅

…

… … ……

× ℤ × ℤ × ℤ

× ℤ

× ℤ × ℤ

……

…

…

∅ ∅

∅ ∅ ∅ ∅

ി𝛿

𝐼

Δ′

Sconf

Sloc Sconf

0 1 2 3

1 2 3 0 1 2

1 2 3 0 1 2

2 1

1 20 3
5



Coarse as left Kan extension

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

× ℤ × ℤ × ℤ × ℤ

…

× ℤ

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

∅ ∅

∅ ∅ ∅ ∅

ി𝛿

𝐼

Δ

• Δ must act like ി𝛿 over Sloc

• Monotony of Δ extends ി𝛿 for Sconf

How to choose ?

Sconf

Sloc Sconf



Coarse as left Kan extension

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

× ℤ × ℤ × ℤ × ℤ

…

× ℤ

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

∅ ∅

∅ ∅ ∅ ∅

ി𝛿

𝐼

Δ

Δ′ • For any other Δ′

Sconf

Sloc Sconf



Coarse as left Kan extension

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ × ℤ × ℤ

× ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

× ℤ × ℤ × ℤ × ℤ

…

× ℤ

∅

…

… … ……

× ℤ × ℤ × ℤ × ℤ

× ℤ× ℤ

× ℤ × ℤ

……

…

…

× ℤ

∅ ∅

∅ ∅ ∅ ∅

ി𝛿

𝐼

Δ

Δ′ • For any other Δ′
∀𝑐 ∈ 𝑆𝑐𝑜𝑛𝑓, Δ 𝑐 ≼ Δ′(𝑐)

• Δ is minimal

Sconf

Sloc Sconf
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• Extension = ?

Δ = ?ി𝛿 =
-1 0 1 0

ി𝛿 =
-1 0 1 1

ി𝛿 =
-1 0 1 -1

-1 0 1



Coarse as left Kan extension

• If torsion of space, more complicated…

• Sub-configuration = multiple neighborhoods !

• Rules must know the center, extension does not
• Extension = multiple rules at one time !

Δ =ി𝛿 =
-1 0 1 0

ി𝛿 =
-1 0 1 1

ി𝛿 =
-1 0 1 -1

-1 0 1 -1 0 1



Coarse as left Kan extension

• If torsion of space, more complicated…

• Sub-configuration = multiple neighborhoods !

• Rules must know the center, extension does not
• Extension = multiple rules at one time !

Δ =ി𝛿 =
-1 0 1 0

ി𝛿 =
-1 0 1 1

ി𝛿 =
-1 0 1 -1

-1 0 1 -1 0 1



Coarse as left Kan extension

• If torsion of space, more complicated…

• Sub-configuration = multiple neighborhoods !

• Rules must know the center, extension does not
• Extension = multiple rules at one time !
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Coarse as left Kan extension

• If torsion of space, more complicated…

• Sub-configuration = multiple neighborhoods !

• Rules must know the center, extension does not
• Extension = multiple rules at one time !

• Redefine 𝑆𝑙𝑜𝑐 ≔ ⋃𝑝∈𝐺 𝑝 × 𝑄(𝑝+𝑁)

• And 𝐼: 𝑆𝑙𝑜𝑐 → 𝑆𝐶𝑜𝑛𝑓 ≔ 𝜋2 not injective !

Δ =ി𝛿 =
-1 0 1 0

ി𝛿 =
-1 0 1 1

ി𝛿 =
-1 0 1 -1

-1 0 1 -1 0 1



Coarse as left Kan extension

…

ി𝛿

𝐼

Δ

Sconf

Sloc Sconf

……

…
-1    0     1

…
…

0 1

……

…
…

(0, )
-1    0     1

(1, )
-1    0     1

(−1, )
-1    0     1

-1

-1

0 1



Coarse as left Kan extension

…

ി𝛿

𝐼

Δ

Sconf

Sloc Sconf

……

…
-1    0     1

…
…

0 1

……

…
…

(0, )
-1    0     1

(1, )
-1    0     1

(−1, )
-1    0     1

-1

0 1-1



Coarse as left Kan extension

…

ി𝛿

𝐼

Δ

Sconf

Sloc Sconf

……

…
-1    0     1

…
…

0 1

……

…
…

(0, )
-1    0     1

(1, )
-1    0     1

(−1, )
-1    0     1

-1

0 1-1



Coarse as left Kan extension

…

ി𝛿

𝐼

Δ

Sconf

Sloc Sconf

…

…
…

……

…
…

0 1-1

0 1-1

-1    0     1

…… (0, )
-1    0     1

(1, )
-1    0     1

(−1, )
-1    0     1



• No commutation !

Coarse as left Kan extension

…

ി𝛿

𝐼

Δ

Sconf

Sloc Sconf

…

…
…

……

…
…

0 1-1

0 1-1

-1    0     1

…… (0, )
-1    0     1

(1, )
-1    0     1

(−1, )
-1    0     1



• Weaker property:

• Δ does at least as ി𝛿 over Sloc

Coarse as left Kan extension

…

ി𝛿

𝐼

Δ

Sconf

Sloc Sconf

…

…
…

1

……

…
…

-1    0     1

…… (0, )
-1    0     1

(1, )
-1    0     1

(−1, )
-1    0     1

0-1

≼

0 1-1



• Δ, Δ′ does at least 

as ി𝛿 over Sloc

Coarse as left Kan extension

…

ി𝛿

𝐼

Δ

Sconf

Sloc Sconf

…

…
…

……

…
…

Δ′

-1    0     1

…… (0, )
-1    0     1

(1, )
-1    0     1

(−1, )
-1    0     1

0 1-1

10-1

≼



Coarse as left Kan extension

…

ി𝛿

𝐼

Δ

Sconf

Sloc Sconf

…
-1    0     1

…
…

……

…
…

Δ′

…… (0, )
-1    0     1

(1, )
-1    0     1

(−1, )
-1    0     1

0 1-1

10-1

≼



Left Kan Extensions

• Left Kan Extension of 𝐺 along 𝐹 is some 𝐻, 𝜃

• H « minimal » and unique

• 𝜃: 𝐺 ⇒ 𝐻 ∘ 𝐹

• Universal :
• Given ⟨𝐻′, 𝜃′⟩, exists unique 𝜙 s.t.

• 𝜃′ = 𝜙 ∘ 𝐹 ⋅ 𝜃
A

B

C

𝜙

𝜃′

𝜃

𝐹

𝐺

𝐻′

𝐻



Two way of extending

• Coarse transition function Δ
• Deduce with full neighborhood

• Is a left Kan extension !

• Fine transition function Δ
• Deduce without neighborhood

• Is a right Kan extension !

int 𝑐 det 𝑐



• Global transition function Δ

Fine as right Kan extension
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• Global transition function Δ

• Conf is included in Pconf by 
(monotonous) 𝐽
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• Δ must act at most like Δ over Conf
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• Δ must act at most like Δ over Conf

• Monotony of Δ extends Δ for Sconf

• Implies that Δ ∘ 𝐽 𝑐 = ℤ
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• For any other Δ′
∀𝑐 ∈ 𝑆𝑐𝑜𝑛𝑓, Δ′ 𝑐 ≼ Δ(𝑐)

• Δ is maximal

Sconf

Conf Sconf



(Right) Kan Extensions

• (Right) Kan Extension of 𝐺 along 𝐹 is : 𝐻, 𝜃

• H « maximal » and unique

• 𝜃: 𝐺 ⇒ 𝐻 ∘ 𝐹

• Universal :
• Given ⟨𝐻′, 𝜃′⟩, exists unique 𝜙 s.t.

• 𝜃′ = 𝜃 ⋅ 𝜙 ∘ 𝐹
A

B

C

𝜙

𝜃′

𝜃

𝐹

𝐺

𝐻′

𝐻



Fine as Lan of Ran

• Fine obtained from global transition function

• Global transition is an infinite object

• Get fine extension from local rules ?
• Computable with « bottom up » procedure



Fine as Lan of Ran

• Fine obtained from global transition function

• Global transition is an infinite object

• Get fine extension from local rules ?
• Computable with « bottom up » procedure

• Yes we Kan !



Fine as Lan of Ran

Sloc

∅

…

Sub

• Sub-local configurations :

𝑆𝑢𝑏 = ⋃𝑝∈ℤ, 𝑆⊆𝑁 {𝑝} × 𝑄𝑝+𝑆

𝑖
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× ℤ × ℤ

× ℤ × ℤ × ℤ × ℤ × ℤ
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Fine as Lan of Ran
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Sconf

Sloc
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× ℤ × ℤ × ℤ × ℤ
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Sub𝑖

𝑗

• Sub-local configurations :

𝑆𝑢𝑏 = ⋃𝑝∈ℤ, 𝑆⊆𝑁 {𝑝} × 𝑄𝑝+𝑆

• 𝑖: 𝑆𝑙𝑜𝑐 → 𝑆𝑢𝑏 inclusion

• 𝑗: 𝑆𝑢𝑏 → 𝑆𝑐𝑜𝑛𝑓 ≔ 𝜋2

× ℤ × ℤ × ℤ × ℤ × ℤ



Fine as Lan of Ran
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Fine as Lan of Ran
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• ി𝛿 is Ran of ി𝛿
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Fine as Lan of Ran
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Fine as Lan of Ran
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Summary

• Studying local vs global relationship
• Kan extension good tool

• Multiple ways to extend

• Describes extensions using intermediary steps

• Cellular automata to introduce categorical concepts
• Categories, functors, natural transformations

• Kan extensions



Perspectives

• Non-regular CA :
• Different behavior at different position

• Shifted local transition function → any function

ി𝛿 = 
4 5 6 5

ി𝛿 = 
6 7 8 7



Perspectives

• Non-regular CA

• Consider only local configuration ?
• Sconf category, shifts are inclusions

• Computation up to iso → shift-equivalent automata

• Local configurations : Rloc for relative positionning

−1 0 1−1 0 1

0 1 ……

Rloc

−1 0 1 2



Perspectives

• Non-regular CA

• Consider only local configuration ?
• Shift-equivalent automata

Link with Curtis–Hedlund–Lyndon ?



• Non-regular CA

• Consider only local configuration 
• Shift-equivalent automata

• Other data structures

Perspectives



• Non-regular CA

• Consider only local configuration 
• Shift-equivalent automata

• Other data structures
• Global Transformations

• Words, Graphs, Trees …

• Possibility to change the space

Perspectives



• Non-regular CA

• Consider only local configuration 
• Shift-equivalent automata

• Other data structures

• Kan extensions here are pointwise !
• Computable

Perspectives


