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Definitions

Boolean Network

Definition

A Boolean network (BN) with n components is a discrete dynamical system
usually defined by a global transition function:

f : t0, 1un Ñ t0, 1un , x Ñ f pxq “ pf1pxq, . . . , fnpxqq,

where each function fv : t0, 1un Ñ t0, 1u associated to the component v is called
local activation function.

We will say a Boolean network is conjunctive if fv pxq “
Ź

iPIv

xi
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Definitions

Block-sequential schedule

Definition

A block-sequential schedule is an ordered partition of the components of a
Boolean network which defines the order in which the states of the network are
updated in one unit of time.

Examples

s1 “ t3, 4ut1ut2u,

s2 “ t1, 2, 3, 4u,

s3 “ t2ut3ut4ut1u.
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Definitions

Update a Boolean network

Definition (Robert 86)

Let f be a Boolean network and s “ B1,B2, . . . ,Bm a block-sequential update
schedule. The dynamical behavior of f updated according s is given by:

@v P B1, x t`1
v “ fv px

tq. (1)

@v P Bi , i ą 1, x t`1
v “ fv px

t`1
u : u P

i´1
Ť

j“1

Bj ; x
t
u : u P

m
Ť

j“i

Bjq (2)

This is equivalent to applying a function f s to x :

x t`1 “ f spx tq

Where we define f s as the composition of updating f block by block:

f s “ f Bm ˝ f Bm´1 ˝ ¨ ¨ ¨ ˝ f B2 ˝ f B1

where:

@x P t0, 1un, f Bi
v pxq “

#

xv if v R Bi

fv pxq if v P Bi .
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Definitions

Example of f s

1

2

3 4

5

f1 “ x1 _ x4
f2 “ x2 ^ x4
f3 “ x4 ^ x5
f4 “ x3 ^ x5
f5 “ x2 ^ x4
s “ t2u t5u t3u t4u t1u

1

2

3 4

5

f s1 “ x1 _ px4 ^ px2 ^ x4 ^ x4qq
f s2 “ x2 ^ x4
f s3 “ x4 ^ px2 ^ x4 ^ x4q
f s4 “ x4 ^ px2 ^ x4 ^ x4q
f s5 “ x2 ^ x4 ^ x4

1

2

3 4

5

f s1 “ x1 _ x4
f s2 “ x2 ^ x4
f s3 “ x4 ^ p0q “ x4
f s4 “ x4 ^ p0q “ x4
f s5 “ px2 ^ x4q ^  x4 “ 0

(a) (b) (c)
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Definitions

Example of f s in a conjunctive network

1

2

3 4

5

f1 “ x1 ^ x4
f2 “ x2 ^ x4
f3 “ x4 ^ x5
f4 “ x3 ^ x5
f5 “ x2 ^ x4
s “ t2u t5u t3u t4u t1u

1

2

3 4

5

f s1 “ x1 ^ x4 ^ x2
f s2 “ x2 ^ x4
f s3 “ x4 ^ x2 ^ x4
f s4 “ x4 ^ x2 ^ x4
f s5 “ x2 ^ x4

(a) (b)

Goles and Noual, 2012.
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Definitions

Parallel digraph

The parallel digraph is a digraph that represent the real dependence of the
components of the Boolean network, according with the block-sequential schedule
s.

s “ t2u t3u t4u t1u

G PpG , sq

12

3 4

12

3 4
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Definitions

Parallel digraph

The function that associates pG , sq with the digraph PpG , sq is called
block-sequential operator and can be constructed in polynomial time.

s “ t2u t3u t4u t1u

G PpG , sq

12

3 4

12

3 4
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Definitions

Labeled digraph

Given a interaction graph G and a block-sequential schedule s, a labeled digraph
pG , sq is a digraph with a labeling function labs :

labs :ApG q Ñ t‘,au

labspu, vq “ ‘ ðñ u P Bi ^ v P Bj ^ i ě j

G s1 “ t1, 2, 3, 4u s2 “ t2u t3u t4u t1u s3 “ t3, 4u t1u t2u

s4 “ t4u t1u t3, 2u

12

3 4

12

3 4

‘

‘ ‘

‘

‘

‘‘

12

3 4

‘

‘ ‘

‘

a

aa

12

3 4

‘

‘ ‘

a

‘

a‘

Aracena et al., 2009, 2011.
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Definitions

Parallel digraph

The parallel digraph is a digraph that represent the real dependence of the
components of the Boolean network, according with the block-sequential schedule
s.
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3 4

‘

‘ ‘
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Definitions

Parallel digraph

Can be obtained from the labeled digraph.
@pu, vq P V pG q ˆ V pG q, pu, vq P ApPpG , sqq if and only if:

either pu, vq is labeled ‘ or

Dw P V pG q, pu,wq is labeled ‘ and there exists a path from w to v labeled a.

s “ t2u t3u t4u t1u

pG , sq PpG , sq

12

3 4

‘

‘ ‘

‘

a

aa

12

3 4

LSA Inverse block-sequential operator in conjunctive networks. WAN 2021 10 / 24



Definitions

Parallel digraph

Can be obtained from the labeled digraph.
@pu, vq P V pG q ˆ V pG q, pu, vq P ApPpG , sqq if and only if:

either pu, vq is labeled ‘ or

Dw P V pG q, pu,wq is labeled ‘ and there exists a path from w to v labeled a.

s “ t2u t3u t4u t1u

pG , sq PpG , sq

12

3 4

‘

‘ ‘

‘

a

aa

12

3 4

LSA Inverse block-sequential operator in conjunctive networks. WAN 2021 10 / 24



Definitions

Parallel digraph

Can be obtained from the labeled digraph.
@pu, vq P V pG q ˆ V pG q, pu, vq P ApPpG , sqq if and only if:

either pu, vq is labeled ‘ or

Dw P V pG q, pu,wq is labeled ‘ and there exists a path from w to v labeled a.

s “ t2u t3u t4u t1u

pG , sq PpG , sq

12

3 4

‘

‘ ‘

‘

a

aa

12

3 4

LSA Inverse block-sequential operator in conjunctive networks. WAN 2021 10 / 24



Definitions

Parallel digraph

The function that associates pG , sq with the digraph PpG , sq is called
block-sequential operator and can be constructed in polynomial time.

s “ t2u t3u t4u t1u

pG , sq PpG , sq

12

3 4

‘

‘ ‘

‘

a

aa

12

3 4

LSA Inverse block-sequential operator in conjunctive networks. WAN 2021 10 / 24



Definitions

Transitive property

Let u, v ,w P V pG q:

1. pu,wq P ApPq ^ pw , vq P ApG q ^ labspw , vq “ a ùñ pu, vq P ApPq.

2. pu,wq P ApPq ^ pu, vq R ApPq ^ pw , vq P ApG q ùñ labspw , vq “ ‘.

3. pu, vq P ApG q X ApPq ^ pEz P V pG q, pu, zq P ApPq ^ pz , vq P
ApG q ^ labspz , vq “ aq ùñ labspu, vq “ ‘.

G :

u

v

w

a

P :

u

v

w
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G :

u

v
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‘

a

P :

u

v
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Problem of inverse block-sequential operator

Inverse problem

Given a digraph P, does there exist a digraph G and a block-sequential s such
that PpG , sq “ P?

s “ t1, 2, 3, 4u

pG , sq

P

12

3 4

12

3 4
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Problem of inverse block-sequential operator

Parallel digraph preimage problem

Let P be a digraph, does there exists a digraph G and an update schedule s non
equivalent to sp such that PpG , sq “ P?
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Problem of inverse block-sequential operator

Necessary condition

Lemma

Let P be digraph, if there exists a preimage different to the trivial one, then there
are vertices u, v P V pPq such that N´P puq Ď N´P pvq.

u v u v
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Problem of inverse block-sequential operator

Sufficient condition

Lemma

Let P be a digraph, if there exists u, v P V pPq such that N´P puq Ď N´P pvq and for
every vertex w P N´P pvqzN

´
P puq there is no path from u to w in G ´ v, then there

exists a non trivial preimage pG , sq such that PpG , sq “ P.

P

u v

G

u v

‘ ‘
‘ ‘ ‘

a

Corollary

Let P be a digraph, if there exists u, v P V pPq such that N´P puq “ N´P pvq, then
there exists a non trivial preimage pG , sq such that PpG , sq “ P.
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Problem of inverse block-sequential operator

Example

P :

1 2

3 G :

1 2

3

‘

‘

a
a

N´p1q “ t2u

N´p2q “ t1u

N´p3q “ t1, 2u

LSA Inverse block-sequential operator in conjunctive networks. WAN 2021 16 / 24



Problem of inverse block-sequential operator

Example

1

2

3 4

5
Kn

@v P V pKnq,N
´pvq “ V pKnq

1

2

3 4

5
K ˝n

@v P V pK ˝n q,N
´pvq “ V pK ˝n qz tvu

1

2

3 4

5
Kn
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Problem of inverse block-sequential operator

Example

1

1

1

2

2

2

3

3

3

4

4

4

5

5

5

P :

G :

P :

N´p1q “ t2u
N´p3q “ t2, 4u

N´p1q “ t1, 2u
N´p2q “ t1, 3u
N´p3q “ t2, 4u
N´p4q “ t3, 5u
N´p5q “ t4, 5u
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Fixing the update schedule

Inverse problem

Given a digraph P and a block-sequential schedule s, does there exist a digraph G
such that PpG , sq “ P?

s “ t1u t2u

pG , sq

P

1 2
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Fixing the update schedule

Inverse problem

Given a digraph P and a block-sequential schedule s, does there exist a digraph G
such that PpG , sq “ P?

s “ t1u t2u

pG , sq P

1 2 1 2

Unique solution
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Fixing the update schedule

Inverse problem

Given a digraph P and a block-sequential schedule s, does there exist a digraph G
such that PpG , sq “ P?

s “ t1u t2u

pG , sq P

1 2

1 2 1 2

1 2

Multiple solutions

LSA Inverse block-sequential operator in conjunctive networks. WAN 2021 19 / 24



Fixing the update schedule

Inverse problem
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Fixing the update schedule

Inverse problem

Given a digraph P and a block-sequential schedule s, does there exist a digraph G
such that PpG , sq “ P?

s “ t1u t2u

pG , sq

P

1 2

No solution
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Fixing the update schedule

Complexity

Theorem

Preimage problem with fixed update schedule can be solved in polynomial time.

Proposition

Let s be an update schedule, and let P, G and H be three digraphs such that
PpG , sq “ PpH, sq “ P, then PpG Y H, sq “ P.

u v

w

G :

u v

w

H :

u v

w

G Y H :

u v

w

P :
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Fixing the update schedule

Algorithm

Algoritmo 1: MaximumPreImagepP, sq

M Ð tpu, vq P V ˆ V : spuq ă spvqu;

for pu, vq R A do
for w P V do

if ppu,wq P Aq ^ ppw , vq P Mq then
M Ð Mztpw , vqu

GA Ð tpu, vq P A : spuq ě spvqu;

RA Ð tpu, vq P A : spuq ă spvqu;

for pu, vq P RA do
if @w P V , pu,wq R GA_ pw , vq R M then return NULL;

A1 Ð M Y GA;

return G Ð pV ,A1q;
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Fixing the update schedule

Algorithm

Algoritmo 2: enumerationPreImagespP, sq

G Ð MaximumPreImagepP, sq;

S Ð tGu;

Q Ð tGu;

while Q ‰ H do
Let G be an element of Q;

Q Ð Qz tGu;

for pu, vq P ApG q do
G 1 Ð G ´ pu, vq;

if PpG 1, sq “ P then
S Ð S Y tG 1u;

Q Ð Q Y tG 1u;

return S
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Fixing the update schedule
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Fixing the update schedule

Thanks!
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