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Conjunctive Boolean network

Definition
A Boolean network (BN) with n. components is a discrete dynamical system
usually defined by a global transition function:

£:{0,1}" = {0,1}" ,z = f(z) = (f(2), ..., fa(2)),

where each function f, : {0,1}" — {0, 1} associated to the component v is called
local activation function. We will say a Boolean network is conjunctive if

fo(z) = /Z\xz

The interaction graph G(f) = (V, A) is defined by:
V={1,...,n}and A={(i,j) € V. x V: f; depends on z;}.

A limit cycle of f (with synchronous update schedule) is a sequence of
configurations in {0,1}" [2°,... 2P], p > 2, such that
Vie{0,...,p—1}, 2 = f(a¥) A2® = 2P,

5/
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Block-sequential schedules

Definition

A block-sequential schedule is an ordered partition of the components of a
Boolean network which defines the order in which the states of the network are
updated in one unit of time.

Examples

| A

s1={3,4H{1}{2},
s2 =1{1,2,3,4},

s3 = {2H{3H4H{1}.

A\
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Dynamics of f with s

Definition (Robert 86)

Let f be a Boolean network and s = B1, Bs, ..., B, a block-sequential update
schedule. The dynamical behavior of f updated according s is given by:

Yv € By, it = f,(z). (1)

i—1 m
Yv € B;,i > 1, il = f(ztt u e 'Ul Bjial tue€ Us) (2
j= j=i

4
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4

This is equivalent to applying a function f° to x:
2= )
Where we define f* as the composition of updating f block by block:
Fo= fBm o fBmot ..o fB2 o fB1
where:
T ifvé B

vz € {0,1}", ffl(x):{f (x) ifve B.
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@) Dynamics of f with s

Definition (Robert 86)

Let f be a Boolean network and s = B1, Bs, ..., B, a block-sequential update
schedule. The dynamical behavior of f updated according s is given by:

Yv € By, it = f,(z). (1)

i—1 m
Yv € B;,i > 1, il = f(ztt u e 'Ul Bjial tue€ Us) (2
j= j=i

4

This is equivalent to applying a function f° to x:
$t+1 — fs(l't)
Where we define f* as the composition of updating f block by block:
fS :me ome*1 o-~~ofB2ofB1

where:
v if Bz
vee (o, [P =" fE
fo(z) ifveB;.

Remark: If f is a conjunctive network, then f° too.
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N0
N
=¥

fi=z1 Azy
fa=w2Axy
fa=xza N5
fa=x3 Nzs
fs =z2 ANy

s = {2} {5} {3} {4} {1}
(@) G(f) =@

G(f*) can be calculated in polynomial time (Goles and Noual, 2012).

G
@
C@ (5)

@—®

ff:zl A PN D)
5 = T2 ANTyq
§:x4/\.’22/\$4
- J—

L = TaNT2 Nxg
fE=z2 Ny

(b) G(f*) =P(G,s)
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Limit cycles are sensitive to changes in s

G(f) s

Dynamics
@

o s= {L 2,3, 4} e ®0<0€:€: Oé..
[ J [ J [ J

]
[ ]
s= (L {23) ce cet o
[ ]

[ ]

o——©O

(Aracena, J., Goles, E., Moreira, A., Salinas, L., 2009; Demongeot J., Elena, A., Sené,

S., 2008; Macauley, M., Mortveit, H.S., 2009).
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LCE problem

Proposition (Goles and Noual, 2012)

Every conjunctive network f has a block-sequential update schedule s such that
f? has no limit cycle.

Example: Conjunctive network without limit cycles for every update schedule.
fi (SL‘) =24 N5

fa(z) =m o
f3(.11) =xo A Iy e’ o
f4g$§ =Zo A I3

—®
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LCE problem

Proposition (Goles and Noual, 2012)

Every conjunctive network f has a block-sequential update schedule s such that
f? has no limit cycle.

Example: Conjunctive network without limit cycles for every update schedule.

fl(x) =24 N5 9

Limit Cycle Existence problem (LCE): Given f a conjunctive network, does
there exist a block-sequential update schedule s such that f° has a limit cycle?
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Parallel update schedule and loop number

The existence of limit cycles in a conjunctive network f (with parallel update
schedule) is related to the loop number of G(f).

Definition

Given G = (V, A) a non-trivial digraph with V- ={1,...,n}. The loop number
(or index of cyclicity) of G, i(G), is defined by:
@ /f G is a non trivial strongly connected digraph,
i(G) := ged{l(c) : c is a cycle of G and l(c) is its length}.
@ If G is not strongly connected with at least a cycle, i(G) := mem{i(Gy,) :
Gy, is a non-trivial strongly connected component of G}.
@ i(G) = 0 otherwise.
Ifi(G) =1, then G is primitive.

Remark: i(G) can be calculated in polynomial time.
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Parallel update schedule and loop number

Examples. Given the following digraphs:
Gy Go Gs:

O—=0@ SEm—)

?@ @0 g

Then the loop numbers are:
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Parallel update schedule and loop number

Examples. Given the following digraphs:
Gy Go Gs:

O—=0@ SEm—)

A

Then the loop numbers are: i(G1) = 6,
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Parallel update schedule and loop number

Examples. Given the following digraphs:
Gy Go Gs:

O—=0@ SEm—)

A

Then the loop numbers are: i(G1) =6, i(Gs) = 2
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Parallel update schedule and loop number

Examples. Given the following digraphs:
Gy Go Gs:

O—=0@ SEm—)

?@ @0 g

Then the loop numbers are: i(G1) =6, i(G2) =2y i(G3) = 1.

Remark: if G is strongly connected and has a loop, then G is primitive.
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LCE with synchronous update schedule

Theorem (Jarrah et al., 2010)

Let f be a conjunctive network. Then, f has no limit cycle with parallel update
schedule if and only if either G(f) is primitive or G(f) has no cycles.

LCE problem can be solved in polynomial time when s is the parallel update
schedule.

@ LCE is NP-hard where f is an AND-OR network (Gémez, 2015)

@ What happens if s is any block-sequential update schedule?
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Update digraph

Given a interaction graph G and a block-sequential schedule s, the update digraph
(G, s) is a digraph with a labeling function labs:

labs :A(G) — {®, 0}

labs(u,v) =@ <= vue B, AveEB;jANi>j

G s1=1{1,2,3,4} s2 = {2} {3} {4} {1} s3 = {3,4} {1} {2}
sa = {4} {1} {3,2}

Aracena et al., 2009, 2011.
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Parallel digraph

The parallel digraph is a digraph that represent the real dependence of the
components of the Boolean network, according with the block-sequential schedule
s.

s={2} {3t {4} {1}
G(f) P(G(f),s) = G(f*)

—0 e o

O@)\»@LO ® @
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Parallel digraph

Can be obtained from the labeled digraph.
Y(u,v) € V(G) x V(QG), (u,v) € A(P(G, s)) if and only if:
o either (u,v) is labeled & or

e Jw € V(G), (u,w) is labeled & and there exists a path from w to v labeled
O.

s ={2} {3} {4} {1}
(G(f),s) P(G(f);s) = G(f*)

@ @ o

O ® @
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Parallel digraph

Can be obtained from the labeled digraph.
Y(u,v) € V(G) x V(QG), (u,v) € A(P(G, s)) if and only if:
o either (u,v) is labeled & or

e Jw € V(G), (u,w) is labeled & and there exists a path from w to v labeled
O.

s ={2} {3} {4} {1}

o P(G(f),5) = G(S)
Q Q o
=@ @—@®
S} ©
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Primitivisation

Let f be a conjunctive network with G(f) strongly connected and s a

block-sequential schedule. Then, i(G(f®)) =k > 1 if and only if each cycle of
(G(f),s) has a multiple of k ®—labeled arcs.

(G(f),s)  G(f*) =P(G(f),s)

Dynamics

e Ooi:é:oé:—oézm—o

o—©O
°
°
° o
e e : o—e_
o8 o
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P(G, s) and (G, s) re-ordered.

Let f be a conjunctive network with G(f) strongly connected. Then, there exists
a block-sequential s such that i(G(f®)) is no primitive if and only if each cycle of
(G(f), s) has an even number of &—labeled arcs.

A

e}
Q

8
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P(G, s) and (G, s) ordered according to V;
and V2'
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LCE is NP-hard

LCE problem is NP-hard.

Proof (ldea)

Julio Aracena Complexity of limit-cycles in conjunctive networks WAN, 2021 16 /19



LCE is NP-hard

LCE is NP-hard even considering only limit cycles of constant length.

LCE is NP-hard with sequential update schedules. l
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